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Abstract—A thorough analysis is presented of the non linear deformation of the shell lateral
boundary surface. The deformation is compatible with the linear distribution of displacements
across the shell thickness. It is found that the total rotation of the boundary element can be defined
in two ways, by means of two alternative orthonormal triads associated with the deformed shell
lateral boundary surface. For both definitions of the rotation, exact expressions for three components
of the vector of change of curvature of the boundary contour are derived in terms of shell strain
measures. These expressions are then consistently reduced for several particular shell theories.
© 1997 Elsevier Science Ltd

1. INTRODUCTION

Nonlinear problems of shells with account of transverse shears are usually formulated and
solved in terms of displacements and rotations as basic independent field variables. The
most general statically and geometrically exact theory of shells was proposed by Simmonds
(1984) and developed by Makowski and Stumpf (1990, 1994), with an extensive numerical
finite element analysis of representative test examples presented in Chroscielewski et al.
(1992, 1997), where many references to earlier papers are given.

However, some shell problems can be solved in a more convenient way if the cor-
responding boundary-value problem is formulated in terms of strain and bending measures,
associated with the shell reference surface, as basic independent field variables. Such intrinsic
shell equations, first proposed by Chien (1944) for thin elastic shells, require boundary
conditions to be expressed through the same variables as well. Appropriate combinations
of the measures to be assumed at the shell boundary are usually called deformational
boundary quantities.

Deformational boundary conditions, expressed in terms of four deformational bound-
ary quantities, were first introduced by Chernykh (1957) into the classical linear theory of
thin elastic shells. Under additional requirements discussed by Mikhailovskii and Chernykh
(1985), the deformational boundary conditions assure the uniqueness of the corresponding
boundary-value problem. The deformational boundary quantities proved very helpful in
analyzing linear problems of thin elastic shells, such as thermostatic stresses, shell stiffening,
the reinforcement of a shell boundary with a beam, the optimum reinforcement of holes in
shells and the connection conditions of two or more shells [see, for example Novozhilov et
al. (1991)]. The deformational boundary quantities for a nonlinear shell deformation,
subjected to the Kirchhoff-Love constraints, were derived by Novozhilov and Shamina
(1975) and for a large strain theory of rubber-like shells by Chernykh (1986), where several
nonlinear shell problems were also solved. Pietraszkiewicz (1989) derived a set of four
deformational boundary conditions for the geometrically nonlinear refined intrinsic shell
equations developed by Danielson (1970), Koiter and Simmonds (1973) and Pietraszkiewicz
(1977, 1980a).

+This research was supported by the Polish Committee for Scientific Research under grant KBN
038/T07/95/09. Paper presented at the 31st Polish Solid Mechanics Conference, 9-14 September, 1996, Mierki,
Poland.
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688 W. Pietraszkiewicz

Within the linear theory of shells, taking into account transverse shear and normal
strains, six deformational boundary quantities were introduced by Shamina (1970). Pie-
traszkiewicz (1979, 1980b) generalized these quantities to the fully nonlinear range of shell
deformation. In latter papers, the linear distribution of displacement field across the shell
thickness was assumed. For a linearly elastic material the transverse normal strains were
expressed explicitly in terms of other shell strain measures, thus reducing the number of
independent deformational boundary quantities to five for this type of shell theory. These
quantities to be given along the boundary contour are: the elongation vy, the transverse
shear y,; and the three components of the vector k, of change of curvature of the shell
boundary contour, themselves being complex functions of shell strain measures. The exact
expressions for the components of k, were then consistently reduced for the geometrically
nonlinear shell theory and the results were presented in an easily readable form through
physical components of shell strain measures at the boundary.

Deformational boundary quantities, appropriate for the geometrically nonlinear the-
ory of shells with transverse shear and normal strains, have also been proposed by definition
in a different form by Mikhailovskii (1995), and then used to derive conditions for the
connection of a shell with a beam at a common junction. In that paper, the corresponding
vector of change of boundary curvature was calculated from a total rotation tensor, which
itself had been assumed as a superposition of two rotations: a finite rotation associated
with a Kirchhoff-Love type shell deformation and a small rotation corresponding to small
transverse shear strains. Taking into account other definition differences of deformational
quantities, it was noticed that components of the vector of change of curvature of
Mikhailovskii (1995) do not coincide with the corresponding components derived for the
same theory by Pietraszkiewicz (1980b), and when linearized they do not agree with those
derived by Shamina (1970). The noted differences are proportional to the transverse shear
strains y,s.

In this report a thorough analysis is presented of deformation of the shell lateral
boundary surface, compatible with the linear distribution of displacements across the shell
thickness. It is shown that the total rotation of the shell lateral boundary element can be
defined in two alternative, non-equivalent ways, depending upon the choice of an orthonor-
mal triad describing the geometry of the deformed boundary element. The first choice of
such a triad was discussed in detail by Pietraszkiewicz (1979, 1980b), some of the results of
which have been given in Sections 3 and 4, for comparison. Then, in Section 5, consequences
of the second choice of such a triad are discussed, exact corresponding expressions for
deformational boundary quantities are derived and transformational rules for the recal-
culation of these quantities from those given by Pietraszkiewicz (1980b) are indicated. By
a consistent reduction of the exact relations, several formulae for deformational boundary
quantities are obtained in Section 6 for the geometrically nonlinear and linear shell theories
with transverse shear and normal strains, for the Kirchhoff~Love type nonlinear theory of
shells and for the first-approximation geometrically nonlinear theory of thin isotropic elastic
shells. It is also proved that, in the case of geometric nonlinearity, the relations derived here
agree with those of Mikhailovskii (1995), to within an error of such a shell theory.

2. NOTATION AND BASIC RELATIONS

Let the undeformed shell # be parametrized by a normal system of curvilinear coor-
dinates (8%, (), « = 1, 2, such that the position vector p(6*, {) of any point Pe Zbep = r+{n.
Here r = r(6%) describes a point M on the reference surface .# of % and { is the distance
from .. In what follows, a, = dr/06” = r, are the natural base vectors of .#, a,; = a, a,
is the covariant (components of the surface) metric tensor with determinant a = | a,4],
a; = n = a "’a, x a,is the unit normal vector of .#, b,; = —n,,* a4 is the covariant curvature
tensor of .#, and by ¢,5 = (a, x a5) - n we denote the surface alternation tensor.

The boundary contour 0.4 of .# consists of piecewise smooth curves described by
r(s) = r[#*(s)], where s is the arc length along ¢.#. At each regular point, Meé.#, we
have the unit tangent vector t = a,#* = dr/ds = v’ and the outward unit normal vector
v =rv* =r, such that v = t xn. Therefore, the undeformed shell lateral boundary surface
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Fig. 1. Geometry of the shell lateral boundary surface in undeformed and deformed configurations.

0#* defined by p(s,{) = r(s)+{n(s), —h~ <{ <+ h*, where h = h~ +h" denotes the shell
thickness, is rectilinear and orthogonal to .# along d.4 (Fig. 1).

Let .# and 6.# be deformed configurations of .# and d.# defined by the position
vectors F(6%) = r(6*)+u(6%) and ¥[0*(s)] = r(s)+u(s), respectively, where u is the dis-
placement field of the reference surface, while 6* and s are convected coordinates. Then
with .# and 6.# we can associate analogously defined geometric quantities, only now
marked by an overbar: a,=F,, G, =2, 8, a=|d,|, i=a "4 x4, b,y= —i, 4,
By =@,x3) i, T=F/|F|, ¥ =1Txi, a, = F,v", etc. Note that here a, is not colinear with
¥, due to the shear distortion of .#. All the barred surface quantities can now be expressed,
if necessary, through the geometry of .# and ¢.# and the displacement field u [see Pie-
traszkiewicz (1980a, 1989)].

Within the nonlinear theory of shells, in which transverse shear and normal strains are
taken into account, the deformation field in the neighborhood of .# is usually approximated
by its linear part (Pietraszkiewicz, 1979). Therefore, any material fibre which is initially
normal to .#, p = r+{n, after deformation, takes the position

p(0", ) = F(6") + (8, (6%), (1

where @; = n+ g, with the difference vector, §, as an additional independent field variable.
Corresponding components of the spatial Green strain tensor E(8% () are then approxi-
mated in the neighborhood of .# by

Exﬁ = }'aﬁ+C“(uﬂ)s E. =7, +%Cna3a Ey = yas, (2)

where 7,5 = 1/2(n,5+ 7p.) and y,p, 74, @ = 1, 2, 3, are quadratic functions of u, § and their
surface derivatives.

The vector &, in eqn (1) is neither unit nor normal to .#, in general, and can be
represented through the unit vector d according to

a3 =axd, a;=[85]=/1+275. (3)

For a detailed description of the shell deformation compatible with eqn (1) we refer to
Pietraszkiewicz (1979, 1980b).
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3. DEFORMATION OF THE SHELL BOUNDARY

During the deformation compatible with eqn (1), the shell undeformed lateral bound-
ary surface 04* moves into the deformed lateral boundary surface ¢#* defined by

(s, {) = F(s) +{a5(s), C))

which is again rectilinear, although no longer orthogonal to .# along é.# (Fig. 1). The
orthonormal triad v, t, n, associated with d4*, constitutes a spatial basis at M € 0.4 . During
the deformation process, this triad moves into a skew triad of non-unit vectors 4,, &, and
a, such that

a=r1,t"= alfa a, = | -11 =/ 1+2‘»’u, Yu = }'aﬂf“tﬁ,
z-"v = f.avar a, = |5v | =V 1+2" ws Yo = ’y«{)’vavﬂ' (5)

Note that while in convected coordinates (s, {), a, and &, constitute a surface basis for ¢#*,
the vector &, is not normal to 8%* at M e 0.# . Therefore, it is convenient to introduce three
other vectors

a, =8 x8; =au a,=|a,|=/(1+22)(+2y3;)— 473,
Xﬁl = amma am = lﬁmi = a[,lal’
a, =a,xa,=ar1, a =|a =a,.a;,

Yia = y13ta’ Yoz = "Vv3V1» Yu = yaﬂvatﬁ' (6)

The unit vector g is now normal to §#* although not tangential to .#, the unit vector m is
orthogonal to 4.7, but not normal to .#, and the unit vector 7 is not tangential to 0.# at
M e .7, although orthogonal to d and .

Derivatives of & and &; with regard to s can be expressed entirely through the shell
strain measures [Pietraszkiewicz (1979) Section 4.4] :

ﬁ; = ﬁg‘ﬁtalﬁ +ﬁuta, /;tﬂ = (tz |ﬂix + Zabaﬁﬁ3 +ﬁdc'}’caﬂtaﬁd)tﬁ.
8y = a5 =(—bja; +7e8)7, (N
where

A — N ) bz _ &b
Veab = yca;b+ Yebia — Vabies A Qye = 603

la
a~ad = 5 E sabcsdef(abc + zybe) (acf + 2?5{)3
a 1 abc def
a = 66 € (aad + 2yad)(abc + 2ybe) (acf + 2ch),

<

a= |aah|q Eabe :(aa Xab).ac’ ﬁ = dodﬁd' (8)
In eqns (7) and (8) we have explicitly used spatial bases a, =(a,,a; =n) at .# and
a, =(a,, a,) at .# respectively, as well as denoting, by ( )., the spatial covariant derivative
in the metric a,, = a,"a, and by ( )|, the surface covariant derivative in the metric a,;.
Spatial indices in the deformed configuration are raised with the help of &*°, where @ # a*,
in general.

4. DEFORMATIONAL BOUNDARY QUANTITIES

It was shown by Pietraszkiewicz (1979, 1980b) that the rectilinear boundary surface
0%* can be defined, with an accuracy up to a rigid-body deformation in space, by three
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strains y,, 73 and y4;, and the vector k, of change of curvature of the shell boundary contour.
Within the constraint (1) and for any particular elastic material behavior, the transverse
normal strain ys; is expressible through other shell strain measures. Therefore, only five
independent scalar deformational boundary quantities, y,, 71, and three components of k,,
define the surface 62*.

An explicit expression for k, in terms of y,,, 7,5 depends upon the choice of the
orthonormal triad describing the surface 6Z* along d.#, which would constitute an ana-
logue of the triad v, t, n describing 0#* along d.#. The unit vector u defined in egn (6) is a
unique analogue on 6%* of the unit vector v on é#*. Two other unit vectors T and d
tangential to 6*, which result during the deformation process from the respective t and n
tangential to é4*, are not mutually orthogonal. We are free to include only one of them
into the triad and a third unit vector is then uniquely defined by a vector product with p.
It follows, from this discussion, that with 82* we can associate two different orthonormal
triads: g, , m or g, 7, d. Each of the triads can be regarded as an analogue on 0%* of the
triad v, t, n on 0%*.

In the papers of Pietraszkiewicz (1979, 1980b), the description of 6%* was performed
in terms of the triad g, T, m. It seemed more natural to include T, the unit tangent to 0.4,
rather than d, into the triad describing 0Z* along ¢.# . Let us recall some results associated
with such a choice for a further comparison.

The total rotation tensor R, associated with the triad g, f, m, as well as corresponding
vectors k. and L, of change of curvature, can concisely be defined according to Pietraszkiewicz
and Badur (1983) by

R=p@v+i®@t+m®n,
RIR; =k, x1, R/Rf =1x1,
k. = +kv+k, t—kgn, 1 =Rk,
I1=v@v+t@t+n®n, T=pRp+IRXT+mm. 9)

If

Here ® denotes the tensor product, ( )T the transposition of the tensor and 1, 1 are different
representations of the metric tensor of the three-dimensional (3D) Euclidean vector space.

Introducing eqns (5)—(7) into eqn (9), after some transformations, we can derive exact
formulae for the components of k, expressed entirely in terms of y,g, 7.4 [see eqn (62) of
Pietraszkiewicz (1980b)] :

1 2 ’ ’
—k, = [af Zys+o,— n(n)) - 2})13?11] -0y,
a.dy

1 a :
ktv = T [a12 (Tt + V/‘.dw'yc}[ftﬂ) + 2)}13(K1 - Vaﬁ“)’caﬁlaﬂ;)] T

aan\ a
1 Ja e s
‘km = —(Kl—viamycxﬁ[ t )"‘Kla (IO)
aaNa

where o,, 7,, kK, are the normal curvature, the geodesic torsion and the geodesic curvature
of é.# , respectively, and 7y, = 71t

In the case of geometric nonlinearity, i.e. when y,, ~ Ang, ~ O(y), 1« 1, the
expressions (10), written in terms of physical components of the shell strain measures, can
consistently be reduced to [somewhat refining eqn (92) of Pietraszkiewicz (1980b)] :

ky = oo+ (0 — T (P +733) — 2V s

klv = 72:(vt) + 2(0-1 - 7513)%1 - (Tt + %)(yw +?33)
+y;t + KyPuz — }’t3,v + Ki¥i3s
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by =2y, — Yoy + 26, K (Poy — Pu) —2(0, — n(u))va . (11)

In the relations (11), terms underlined by a wavy line are responsible for a geometric
nonlinearity (apart from the nonlinearity of strain—displacement relations), and those
underlined by a solid line take account of transverse shears. Indeed, if terms underlined by
a wavy line are omitted, and in expressions for all the remaining shell strain measures only
linear terms of u, § are taken into account, the relations (11) reduce themselves to those
given by Shamina (1970) for the linear theory of shells with transverse shear and normal
strains. However, in order to make such a comparison, formulae (4.17) of Shamina (1970)
should still be expressed explicitly through physical components along ¢.#.

5. ALTERNATIVE DEFORMATIONAL BOUNDARY QUANTITIES

With the lateral boundary surface d2* of the deformed shell, we can associate an
alternative orthonormal triad g, 7, d, which also fully describes the geometry of %* along
0.# . This triad allows one to define an alternative total rotation tensor Q, of 0%*, as well
as corresponding vectors of change of curvature x, and 4,, by expressions analogous to eqn

9):

Q=pR®v+r1@t+d @ n,
Q/Q =k x1, QQf =ixI,

K = +KV+K =KD, A4 = Qik,

I=p@p+t1®@71+d®d. (12)
An explicit relation for x, follows now from the inverse of eqn (12), to be
K =3 x QI Qv+t x Q[ Qit+nx QT Qin). (13)
The rules for differentiating the triad v, t, n along 0.4 are known :
vV =xt—tn t =on—kxyv, n =1v—ot (14)

We can now calculate Q; from eqn (12),, introduce the result into eqn (13), and use
eqns (6) and (14), which leads to two equivalent definitions of the components of , :

1 i

’ - . ’
—Ky = ——a,"a; — 0 = — a d;—o,
araii a.a,
1 = 1 = ’
Ky, = a3'aﬂ—‘fl= — 33'3#'—‘51,
a3aﬂ a3a,1
L ! : (15)
— Ky = a,'a, —K, = — a, 'a . —kK,.
" oaa T aa, * T

From the relations (6) we can show that

a, = 4 x a;+2a, x ;. (16)

This means that we are able to calculate all three components of x, from only two differential
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expressions (7) for a; and &%. Therefore, introducing eqns (7) and (16) into eqn (15) after
transformations we obtain

1
—Ky = aa. [a5(a? 6, — 2t pw —?asﬁﬂt’g) +293Q2ty — 2075+ ?3311['3)] —0y,
3

T

! é(t +V,8yapt’) —1
aua3 a t P c38 ts

1 a 2 5PC o o 5PC B
—Ky = a5 (k= V@ eap 1) + 2y (T ¥, 8 Yezpt N—x. (17)

a,a.

Ky =

The expressions (17) for the deformational boundary quantities are exact within the
linear approximation of shell deformation (1), (2) and (4), i.e. they are valid for unrestricted
values of y,;, and 74. Note, however, that a more complex distribution of shell deformation
in the normal direction f{as was used in modeling the behavior of rubber-like shells by
Stumpf and Makowski (1986) ; Schieck et al. (1992); Kabric and Chernykh (1996), for
example] cannot influence the expressions (17), since only the first derivatives in the normal
direction of the spatial Green strains E,; are used in the derivation of eqn (17).

Let us introduce the proper orthogonal tensor

P=p®@pu+r ®t+d®m, Q,=PR. (18)

The tensor P, rotates the orthonormal triad g, T, m (used in Section 4) into the triad u, 7, d
used in this section. The axial vector, @, corresponding to the skew-symmetric tensor
PIP; is given by

PP =o,x1, o =—ow+o,t—o,m,
1 1
! - -
—wy = a8, — a-a,,
T3 atam
| |
W, = a-a,— ——aja,
aa, 'l
L LI 19)
—wy, =——a,"a,— —a, i,
"oaa " T aa "

Explicit expressions for the components of e, in terms of shell strain measures, follow now
using eqns (16) and (3)-(8).

If eqn (18), is introduced into eqn (12),, then using eqn (9), after transformations we
obtain

x, = k. +Rl o,
Ky = Ky + 0y, Kpy = Ko+ 0y, Kin = K+ 0. (20)

This provides simple transformation rules between x, and k.. These rules explicitly indicate
that the alternative deformational boundary quantities (17) are functionally dependent
upon those given in eqn (10).

In order to allow a further discussion of possible simplifications of eqn (17), it is
convenient to have all the spatial tensors y,,; expressed through physical components of y,,
and w4 along 0.#. For this reason, we should express all spatial covariant derivatives 7,4,
in terms of surface covariant derivatives y,g, Y. and (g, V33, b.g keeping in mind that
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Fiﬁ = ba/f’ Fg/f = —b‘é, Fga = rg,z = ng =0,

d
Yaps = d_gEaﬁ(Z.:) =0 = Map)- (2h

Such transformations for 7,3, for example, can be performed as follows:

Ya3p = Vaspt Vaps — Vapa
= VgL hglos — r2ﬂ7’33 =I5y, — Fg/ﬁ’as
SR Rt VA riz%/ﬁ — T390 = T337a3
—3pa 18— Iyt Ifys, + | P

= Ty + Va31p — Vo3 + 20571 (22)

Corresponding expressions for 7,4 V1.5 and y;3; can be obtained in the same way. Then
using the geometric relations

g, = baﬁl‘{xtﬁ, T = ——ba/;vutﬁ, K, = ‘—\’atalﬂtﬁ = szﬂlﬂtﬂ,
o, = bV, 1,= —byuV =1, Kk, = —rp = v,
L =0, vl =0, & = v — P, (23)

we are able to calculate the following expression :

Yot = '}’Auﬁv;‘tatﬁ = 2% = Vi + 2K P+ 2K, (Ve — Vi) — 206073,
T = ?/Lx/ftitdtﬁ = Put 2K — 200,

Vi = Vaapl't' = =y — 20,735 + 266,003 + 2955,

Yoz = ”/'aa/itatﬁ = T+ 2070 — 2070 H 703 H K3 — Yo —Kidas
Y = 'Yad/ftdtﬁ = Ty +2070 — 2T s

Yaz = V33/ftﬁ = Y33 — 20,03 +20,7a. (24)

It is now apparent that using eqn (8) and identifying the spatial £*** with the surface
&, we are also able to express \/E/;, vy, v, @ ts, v, in terms of physical components
Of Vb, T(op along 0.4 . As a result, the deformational boundary quantities, eqn (17), can be
expressed explicitly in terms of the physical components. However, these exact expressions
are quite complex and are not presented here.

6. DEFORMATIONAL BOUNDARY QUANTITIES FOR PARTICULAR SHELL THEORIES

From exact expressions (17), consistently reduced formulae can be derived for several
special versions of shell theory. In the case of geometric nonlinearity, i.e. when
Vab ~ g ~ O(n), n < 1, all the relations should consistently be approximated by linear
terms in each of the strain measures. In particular, in this case we can use the following
consistent approximations:

au21+))[t+}'33, a, = 147 +2y33, az ~ 147y,
1 1

— o l=pu=7a, 1=y =2y, — 1=y,

a, a. [23}
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~ 14y, +Pu+733. = 1=y, —Yu—7Vs3,

%
a,%

v @y = 1 =2y, v, @ty >~ =2y, v, @ = —2y,. (25)

When eqn (25) together with eqn (24) is introduced into eqn (17) and only linear terms in
each of y,, and =, are taken into account, we obtain

Ky ™ T + (Ul - n(u))(}'u + ’})33) _%4‘ 22:1 >

Ky = n(vl) + 2(61 - 7T(tt))’yvl - (Tt + n(g))(’}’vv + V33)

+ )':»3 T KV Y HKY — 21‘17@3 ’

K = 200 = Yo T 26,70 T (0 — Pu) — 2(0 — n(n))"/'d —2(7,+ n(\vt))ytz . (26)

The relations (26) provide explicit expressions of deformational boundary quantities
for the geometrically nonlinear theory of shells with transverse shear and normal strains.

When eqn (26) is compared with eqn (11), it is seen that the transverse shears are
present in eqn (26) not only through terms underlined by a solid line as in eqn (11), but
also through additional terms proportional to y;, which are underlined by a dashed line.
This is the result of the alternative vector k, used here, as compared with k, used to derive
eqn (11). Indeed, under the small strains, components of @, defined in eqn (19) can
consistently be approximated using eqns (6), (16), (23), (24), and (25), which yields

W = 275, O, X —2KVa, Wn = —2T, +n(vl))’}}13‘ 27

It is now apparent that the components of k, given by eqn (26) can be recalculated from
components of k, given in eqn (11) according to transformation rules (20), where the
approximate relations (27) should be applied.

In the relations (26) terms underlined by a wavy line are responsible for the geometric
non-linearity, apart from the nonlinearity of strain~displacement relations. Therefore, if
these terms are omitted, and in the definitions of all the remaining shell strain measures
only linear terms of u, f are taken into account, the relations (26) reduce themselves to the
following form appropriate to the linear theory of shells with transverse shear and normal
strains:

Ky = Ty 0 (Pu +733) — 276+ 2};{; s
Kt 2 Ty + 20070 = Te(n +733) T 70 F K00 — Voo HKYa — 2K00,

Kin = 2)’ :'l — P + 2K\.}‘n + K (‘y\‘\' - yu) - 20’1%3 - 2]!)’13 . (28)

These expressions differ from those foliowing from Shamina (1970) by terms underlined by
a dashed line. This difference results again {rom the use of the vector x, here, while Shamina
(1970) derived her deformational quantities from a vector which was equivalent to our k,.

In some applications it may be convenient to have the components of k, expressed
through the tensor f,; = —(b,5—b,;) of change of curvature of the reference surface rather
than through 7, . In the case of geometric nonlinearity, the kinematic relation for z,, [cf.
Pietraszkiewicz (1979)] gives
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|- = =
Mg = 5(8, Ay p+8p85,) + Dy

= ﬂaﬂ - (buﬁ _ﬂxﬁ)y33 +))az31ﬁ + yﬁl’»lw
Ty = Bu— (6. =B)yss + 26703 — 275,

Tty ~ th + (Tt + ﬂvt)Y33 + ‘y;? —KyYv3 + Yiav — KVi3s (29)

which introduced into eqn (26) allows one to find equivalent expressions for the defor-
mational boundary quantities (Pietraszkiewicz, 1997)

Ky = Byt (00— B)vu+2K703 + 275,
Ko = Bu+2(00— Pu)yn— (1 + Budye + 2005 — 2Kk,

Kin = 290 — Yeow + 26,70 + K (P — V) — 200 — Bu) Vv — 2(t + Bu) V- (30)

It is interesting to note that, in this representation, the normal strain y;; has disappeared
from all the components of x,. If all the quadratic terms underlined by a wave line are
omitted, and the remaining shell strain measures are defined only by linear terms in u, f,
the relations (30) reduce themselves to the form equivalent to eqn (28) for the linear theory
of shells with transverse shear and normal strains. If, additionally, all the terms with 7,5
and 7y, are omitted in eqn (30), we obtain deformational boundary quantities of the classical
linear theory of thin shells proposed by Chernykh (1957, 1964).

In the classical nonlinear theory of thin shells based on the Kirchhoff-Love constraints,
it is assumed from the outset that y,; = y;; = 0 and, therefore, d =a, a, =1, a, = a,y,
a, = a’, a, = a,. In this case nyp = B, @ = 0, k, = k,, and both the exact relations (17)
and (10) reduce to

1
—Ky = a6, —0, = ;(O’t"‘ﬂn)_‘au
v

1 Ja
Kw = a[ft T = a_ \/; [Tl + vpdpl(ﬁlﬂ +2b;ykl)tﬁl —Tis

t
_ 1 ja o o f
—Kin = QK — K = a_2 ;[Kl_vpa (2}’za|/;—)’a/1\1)t r ]_’Cn (31
t

where 3, T, and &, are the normal curvature, the geodesic torsion and the geodesic curvature
of 0.4, respectively. The formulae for —k, and —k,, are exactly those derived by Novo-
zhilov and Shamina (1975), while that for k,, agrees with the one derived by Pietraszkiewicz
(1979). However, using an equivalent second expression for k., in eqn (15), we would obtain
an equivalent relation

1 fa .
Ky = —— \/‘:1 v, @ (b,s— Pig)t’ — 1., (32)

which now coincides with the one given by Novozhilov and Shamina (1975). The relations
(31),; were presented by Pietraszkiewicz (1979) also in terms of physical components of
Yo Bup along 0.4 .

Within the first-approximation geometrically nonlinear theory of thin isotropic elastic
shells, estimates for the strain measures are:
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Yap ~ Bteg ~ O(), o3 ~ Iy ~O(h), 73, ~O0m), n«l, <1, (33)

where 0 is a small parameter given in Pietraszkiewicz (1989) and v is the Poisson ratio.
Under these estimates, the relations (30) can consistently be reduced to

Ky = But+ (00— BV
Ky =~ ﬁvt + 2(61 - ﬁtl)yvl - (Tl + th)?vvﬁ
Kin = 275 — Yy T 2K,70 + K (Pow — ) (34)

These are exactly expressions for deformational boundary quantities derived in eqn (6.8)
of Pietraszkiewicz (1989) for the geometrically nonlinear (so-called refined) intrinsic shell
equations. With appropriate modifications of definitions of the surface strain and bending
measures, the deformational boundary quantities (34) can also be used together with
intrinsic shell equations discussed by Libai and Simmonds (1983}, Axelrad and Emmerling
(1988), Libai and Bert (1994a,b) and Valid (1995).

Mikhailovskii (1995) proposed deformational boundary quantities for the geo-
metrically nonlinear theory of shells with transverse shear and normal strains, by intro-
ducing a total rotation tensor Q,” being a superposition of two rotations: a finite rotation
associated with a Kirchhoff-Love type geometrically nonlinear theory of shells and a small
rotation corresponding to a linear approximation in small shears y,,:

Q ~[1+27:®A-A®PN+2y:(RA-T @ D]F R v+I® t+A ® n),
[=/RV+IRT+i® i (35)

Differentiating Q; with regard to 5, the length parameter along the deformed boundary
contour 8.4, it was found that with accuracy to small terms 8,413,

dQ/ -
(?jl =~ —Kt\t/(ﬁ®t'“t@n)""ct\;(i’@“—ﬁ®v)—Kt¥1G®V—§®t), (36)
dQy - -
(?s'[ (QtV)T ~ A X1, A = =k V+rot—xai,
_ dy
—Ku Zo-_t-zlgt—z’ct'}’ﬂ—zd—;a
. dy, N
Ko =~ T — a_th+2 d; —2K .y,
v = 1 = =
—Kp = Kt_EKt‘i_zglva + 2%, 37
t

Let us show that, to within an error of geometric nonlinearity, the relations (36) and
(37) are consistent with the relations (30). Indeed, to within small strains

6. ~06,—fu T =T +Pu R =K, (38)

and changing differentiation in eqn (12) from d/ds to d/d5 = a; ' d/ds we obtain
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d - - = 1 1
(ijt Q;T = ll X 1’ l\ = a_}"l = ;(_Kll”-l-’cvr_’(md)’ (39)
t t

but for small y,;

2

14 _2%31-1, T T_2al)l3ﬁa
d >~ fi+2y,,7+ 27,5t (40)

R

If eqn (40) is introduced into eqn (39), then with the help of eqns (38), (30) and (31), and
with accuracy to small terms f,;y;;, we can approximately represent 7, on the basis #, T, i
with components (37) proposed by Mikhailovskii (1995). This clearly indicates that with
accuracy to the small terms, the deformational boundary quantities (37) are equivalent to
those of eqn (30). As a result, they are also expressible in terms of the previous quantities
(26) by linear transformations eqn (20), with eqn (27).

7. CONCLUSIONS

In this report, an entirely general approach to the derivation of deformational bound-
ary quantities has been developed for the nonlinear theory of shells with transverse shear
and normal strains. It is only assumed here that the displacement field is distributed linearly
across the shell thickness. No kind of restrictions are introduced about the magnitudes of
the displacements, rotations, strains and/or bendings of the shell material elements.

It has been noted that the total rotation of the shell lateral boundary element can be
defined by two alternative, non-equivalent ways through two alternative orthonormal triads
of vectors associated with the lateral boundary surface of the deformed shell. The choice
of the first triad was already discussed by Pietraszkiewicz (1979, 1980b). The consequences
of the choice of the second triad, for an exact description of deformation of the shell lateral
boundary surface, have been discussed in detail in this report.

We have derived exact alternative expressions (17) for components of the vector of
change of curvature of the shell boundary contour, as well as thetr two consistently reduced
forms, eqns (26) and (30), appropriate for geometrically nonlinear theory of shells which,
when linearized, give deformational boundary quantities for the linear shell theory as well.
All the expressions derived here are new in the literature. We have also confirmed our
results by reducing them further with the help of additional simplifying assumptions,
corresponding to several particular shell theories, for which such deformational boundary
quantities were proposed in the literature.

To each of the two alternative sets of deformational boundary quantities discussed
here, there corresponds a different set of work-conjugate static boundary quantities, expre-
ssed entirely in terms of internal stress and couple resultant tensors, so that the virtual work
performed by both sets of corresponding work-conjugate quantities remains the same. The
problem of such static boundary quantities should be addressed in a separate paper.
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